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abstract
We present a method to construct symplecticity-preserving renormalization group maps
by using the Liouville operator, and obtain correctly reduced symplectic maps describing
their long-time behavior even when a resonant island chain appears.
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$y^{n+1}$ $=$ $y^{n}-ax^{n}+2\epsilon Jx^{n}$ .
$x^{n},$ $y^{n}$ $n\in Z$ , $a$ , $J\in R$
, $\epsilon\in R$ . $dx^{n+1}\Lambda dy-n+1$
$dx^{n}\Lambda dy^{n}$ $=0$ . .
.
$L_{\theta}x^{n}\equiv x^{n+1}-\underline{9}_{X\mathrm{C}}^{n}$os $\theta+x^{n-1}=\epsilon 2Jx^{n}$ , $\mathrm{c}$os $\theta\equiv 1-a/2$ , (1)
, (1)
. .
$x_{E}^{n}$ $=$ A $\exp$ ($i\arccos$ ( $\cos\theta+\epsilon$J)n) $+$ c. $\mathrm{c}.$ ,
$=$ A $\exp[i$ ($\theta+\epsilon\frac{-J}{\sin\theta}+\epsilon^{2}\frac{-\cos\theta}{2\sin\theta}(\frac{J}{\sin\theta})^{2}+\cdot$ . .) $n]+$ c. $\mathrm{c}.$ , (2)
$A\in C$ $\mathrm{c}.\mathrm{c}$ .
, .
([GMN99]). , $\epsilon$ 1
([Nay]). $x^{n}=x^{(0)n}+\epsilon x^{(1)n}+\epsilon^{2}x^{(2)n}+\cdots$ , (1) .
$\epsilon$ .




$=$ A $\exp(i\theta n)+\mathrm{c}.\mathrm{c}.$ ,
$x(1)n$





$A\in C$ . $\propto n,$ $n^{2}$ ,
$x^{(0)n}+\epsilon x^{(1)n}+\epsilon^{2}x^{(2)n}$
$\epsilon n,$
$\epsilon$2n2 t , L $x^{(0)n}\geq\epsilon x^{(1)n}$
$\epsilon n\sim 1$ $n$ . $n$
. , .
“ $\langle$ $A^{n}$” .
$A^{n} \equiv A+\epsilon\frac{-iJA}{\sin\theta}n+\epsilon^{2}\frac{-J^{2}A}{2\sin\theta}(n^{2}+i\frac{\cos\theta}{\sin\theta}n)+\mathcal{O}(\epsilon^{3})$ , (3)
, $A^{n}$
. $A^{n}$ (i) A $A^{n}$
,
$A^{n+1}-A^{n}=(-i \epsilon\frac{J}{\sin\theta}-\epsilon^{2}\frac{J^{2}}{2\sin\theta}(2n+1+i\frac{\cos\theta}{\sin\theta}))A+\mathcal{O}(\epsilon^{3})$ . (4)
, (ii) $A^{n},$ $A^{n+1}$ , $A$ $A^{n}$
( $A$ Aq ) .
$A=(1+i \epsilon\frac{Jn}{\sin\theta}+\mathcal{O}(\epsilon^{2}))A^{n}$ . (5)
(4) “ ” .
$A^{n+1}=(1+ \frac{-i\epsilon J}{\sin\theta}+\frac{1}{2!}(\frac{-i\epsilon J}{\sin\theta})^{2}-i\epsilon^{2}\frac{J^{2}\cos\theta}{2\sin\theta}$) $A^{n}+\mathcal{O}(\epsilon^{3})$ , (6)
.





, . (6) ,
$dA^{n+1}\Lambda dA^{*n+1}-dA^{n}\Lambda dA^{*n}\neq 0$ , L . $A^{*}$
$A$ $k$





$Z(t+ \mu)=(1+\mu \mathcal{L}_{H}+\frac{\mu^{2}}{2!}\mathcal{L}$ i$H+$ ) $Z(t)=\exp(\mu \mathcal{L}_{H})Z(t)$ , (9)
$H$ , $Z$ $(q_{1}, .., q_{N},p_{1)}, \ldots,p_{N})$ , $t\in R$
, $\mu\in R$ . ,
$\mathcal{L}_{H}$Z $\equiv$ $\{Z, H\}\equiv\sum_{j=1}^{N}(\frac{\partial Z}{\partial qj}\frac{\partial H}{\partial pj}-\frac{\partial Z}{\partial pj}\frac{\partial H}{\partial qj})$ , (10)
$\mathcal{L}_{H}^{2}Z=\mathcal{L}_{H}$(LH$Z$ ) $=\{\{Z, H\}, H\}$ , . (10) L
. (10) $Z^{n+1}\equiv Z(t+\mu),$ $Z^{n}\equiv Z$ (t)
$H$ .
$Z^{n+1}=\Psi$(Z$n$ ; $\mu$), $\Psi$ (Z$n$ ; $\mu$ ) $\equiv\exp(\mu \mathcal{L}_{H})Z(t)|_{Z(t)\equiv Z^{n}}$ . (11)
.
(11) $\mu$ $\epsilon$ $(\mu=\epsilon)$ . (11)
$H$ , $H$ .
$H$ .
1(9) $H$ $\epsilon$ $(H=H^{(1)}+\epsilon H^{(2)}+\cdots)$ ,
.
$Z(t+\epsilon)$ $=$ $(1+ \epsilon \mathcal{L}_{H}+\frac{\epsilon^{2}}{2!}\mathcal{L}_{H}^{2}+\mathcal{O}(\epsilon^{3})$ ) $Z(t)$
$=$ $\{1+\epsilon \mathcal{L}_{H(1)}+\epsilon^{2}$ ($\frac{\mathcal{L}_{H^{(1)}}^{2}}{2!}+\mathcal{L}_{H}(2))+\mathcal{O}(\epsilon^{3})$ }Z(t). (12)









(6) , $\epsilonarrow 0$
$\frac{dA}{dt}=-\frac{iJ}{\sin\theta}A=\frac{\partial H}{\partial A^{*}}=\mathcal{L}_{H}$(1) $A$ , $\frac{dA^{*}}{dt}=-\frac{\partial H}{\partial A}=\mathcal{L}$H(1) $A^{*}$ ,
106
. $\frac{d44}{dt}$ $(A^{n+1}-A^{n})/\epsilon,$ $\frac{dA^{*}}{dt}$ $(A^{*n+1}-A^{*n})/\epsilon$ L . ,
$H^{(1)}=-i \frac{J|A|-}{\sin\theta},$ , $\mathcal{L}_{H(1)}^{2}A=\{\{A, H^{(1)}\}, H^{(1)}\}=\frac{-J^{-9}A}{\sin\theta}$ ,
. , .
{1+\epsilon LH(1 $+ \epsilon^{2}(\frac{\mathcal{L}_{H(1)}^{2}}{2}+\mathcal{L}_{H(2)})\}A$





























$y^{n+1}$ $=y^{n}-ax^{n}+2\epsilon J(x^{n})^{3}$ ,
$x^{n},$ $y^{n}$ [2 , $n$ $\epsilon$




. , $x^{n}=x^{(0)n}+\epsilon x^{(1)n}+x^{(2)n}+$
$\mathcal{O}(\epsilon^{3})$ ,
$L_{\theta}x(0)n=0$ , $L_{\theta}x(1)n=2J(x^{(0)n})^{3}$ , $L_{\theta}x^{(2)n}=6J(x^{(0)n})^{2}x^{(1)n}$ . (14)
,
$x$
(0)n $=A\mathrm{e}^{i\theta n}+\mathrm{c}.\mathrm{c}$ . (15)
$x^{(1)n}$. $=$ $\frac{-3i|A|^{2}AJ}{\sin\theta}n\mathrm{e}^{i\theta}n+\mathrm{e}^{3i\theta n}+\mathrm{c}.\mathrm{c}\underline{JA^{3}}$ . (16)
$\cos 3\theta-\cos\theta$
$x^{(2)n}$
$=$ $\{\frac{-9}{2}\frac{J^{2}|A|^{4}A}{\sin\theta}n^{2}-i\frac{J^{2}|A|^{4}A}{\sin\theta}(\frac{3}{\cos 3\theta-\cos\theta}+\frac{9\cos\theta}{2\sin\theta})n\}\mathrm{e}^{i\theta n}$
$+ \{\frac{-9iJ^{2}|A|^{2}A^{3}}{(\cos 3\theta-\cos\theta)\sin\theta}n+\frac{J^{2}|A|^{2}A^{3}}{2(\cos 3\theta-\cos\theta)^{2}}\{12-18\frac{\sin 3\theta}{\sin\theta}\}\}\mathrm{e}^{3i}$
’n
$+ \{\frac{3JA^{5}}{(\cos 5\theta-\cos\theta)(\cos 3\theta-\cos\theta)}\}\mathrm{e}^{5i\theta n}+\mathrm{c}.\mathrm{c}.$ , (17)
. $\cos\theta\neq\cos 3$ \mbox{\boldmath $\theta$}, $\cos\theta\neq\cos 5\theta$ . .
. .
$A^{n}\equiv$ A+\epsilon ---3is|iAn|\mbox{\boldmath $\theta$}2AJ
$+ \epsilon^{2}\{\frac{-9}{2}\frac{J^{2}|A|^{4}A}{\sin\theta}n^{2}-i\frac{J^{2}|A|^{4}A}{\sin\theta}$ ( $\frac{3}{\cos 3\theta-\cos\theta}$ $\frac{9\cos\theta}{2\sin\theta}$) $n\}$ . (18)
108
,
$A^{n+1}$ $=$ $A^{n}+ \epsilon\frac{-3iJ}{\sin\theta}|$ 4$n|^{2}An+$ g2 $\{\frac{1}{2!}(\frac{-3iJ}{\sin\theta}|4^{n}|^{2})^{2}A^{n}$
-($\frac{9i\cos\theta}{2\sin\theta}J^{2}+\frac{3iJ^{2}}{\sin\theta(\cos 3\theta-\cos\theta)}$) $|$A$n|^{4}$A$n$ }, $(19)$
. ,
$A_{1}^{n},$ $A_{2}^{n}(A^{n}=A_{1}^{n}+iA_{2}^{n})$ , (19) ,
$A_{1}^{n+1}$ $=A_{1}^{n}+ \epsilon\frac{3J}{\sin\theta}(A_{1}^{n2}+A_{2}^{n2})A_{2}^{n}+\epsilon^{2}[\frac{-1}{2!}\{\frac{3J}{\sin\theta}(A_{1}^{n2}+A_{2}^{n2})\}^{2}A_{1}^{n}$
$+ \{\frac{9\cos\theta}{2\sin\theta}+\frac{3}{\sin\theta(\cos 3\theta-\cos\theta)}\}J^{2}(A_{1}^{n2}+A_{2}^{n2})^{2}A_{2}^{n}]$ , (20)
$A_{2}^{n+1}$ $=A_{2}^{n}+ \epsilon\frac{-3J}{\sin\theta}(A_{1}^{n2}+A_{2}^{n2})A_{1}^{n}+\epsilon^{2}[\frac{-1}{2!}\{\frac{3J}{\sin\theta}(A_{1}^{n2}+A_{2}^{n2})\}^{2}A_{2}^{n}$
$- \{\frac{9\cos\theta}{2\sin\theta}+\frac{3}{\sin\theta(\cos 3\theta-\cos\theta)}\}J^{2}(A_{1}^{n2}+A_{2}^{n2})^{2}A_{1}^{n}]$ . (21)
, $\epsilonarrow 0$
,
$\frac{dA_{1}}{dt}$ $=$ $\frac{3J}{\sin\theta}(A_{1}^{2}+A_{2}^{2})A_{2}=\frac{\partial H}{\partial A_{2}}=\mathcal{L}_{H(1)}A_{\mathfrak{h}}$
$\frac{dA_{2}}{dt}$ $=$ $- \frac{3J}{\sin\theta}(A_{1}^{2}+A_{2}^{2})A_{1}=-\frac{\partial H}{\partial A_{1}}=\mathcal{L}_{H^{(1)}}A_{2}$ ,
$H^{(1)}=3J(A^{2}+A^{2})^{2}\vec{4\sin\theta}$ . .
$\{1+\epsilon \mathcal{L}_{H(1)}+\epsilon^{2}$ ( $\frac{\mathcal{L}_{H^{(1)}}^{2}}{2!}+\mathcal{L}_{H(2})$)}A1 (t)
$=A_{1}$ +\epsilon (A$21+A_{2}^{2}$ ) $A_{2}+ \epsilon^{2}\{\frac{-1}{2!}(\frac{3J}{\sin\theta})^{2}(A_{1}^{2}+A_{2}^{2})^{2}A_{1}+\frac{\partial H^{(2)}}{\partial A_{2}}\}$ , (22)
$\{1+\epsilon \mathcal{L}_{H^{(1)}}+\epsilon^{2}(\frac{\mathcal{L}_{H(1)}^{2}}{2!}+\mathcal{L}_{H^{(2)}})\}A_{2}(t)$
$=A_{2}+ \epsilon\frac{-3J}{\sin\theta}(A_{1}^{2}+A_{2}^{2})A_{1}+\epsilon^{2}\{\frac{-1}{2!}(\frac{3J}{\sin\theta})^{2}(A_{1}^{2}+A_{2}^{2})^{2}A_{2}-\frac{\partial H^{(2)}}{\partial A_{1}}\}$ . (23)
, $H^{(2)}$ (20)-(21) (22)-(23) ,
$H^{(2)}= \{\frac{9\cos\theta}{2\sin\theta^{3}}+\frac{3}{\sin\theta(\cos 3\theta-\cos\theta)}\}\frac{J^{2}(A_{1}^{2}+A_{2}^{2})^{3}}{6}$.
108
. $H=H^{(1)}+\epsilon H$ (2) .
$H$ $=$ $\alpha(A_{1}^{2}+A_{2}^{2})^{2}+\beta(A_{1}^{2}+A_{2}^{2})^{3}$ .
$\alpha$ $\equiv$ $\frac{3J}{4\sin\theta}$ , $\beta\equiv\epsilon\{\frac{9\cos\theta}{2\sin\theta}+\frac{3}{\sin\theta(\cos 3\theta-\cos\theta)}\}\frac{J^{2}}{6}$.
$A_{1}=\sqrt{2I}\mathrm{s}$in $\Theta,$ $A_{2}=\sqrt{2I}\mathrm{c}$os $\Theta$ , (dAl $\Lambda dA_{2}=d\Theta\Lambda dI$ )
$\frac{d\Theta}{dt}=8\alpha I+24\beta I^{2}=\frac{\partial H}{\partial I}$ , $\frac{dI}{dt}=0=-\frac{\partial H}{\partial\Theta}$,
. .
$A=A_{1}+iA_{2}=\sqrt{2I(0)}\exp(-i(8\alpha I(0)+24\beta I(0)^{2})t-i\theta(0)+i\pi/2)$ .
, $\epsilon$
,
$A^{n+1}=A^{n}\exp[i\epsilon\{$ $\frac{-3J|A^{n}|^{2}}{\sin\theta}+\epsilon J^{2}|A^{n}|^{4}(-\frac{9\cos\theta}{2\sin\theta}-\frac{3}{\sin\theta(\cos 3\theta-\cos\theta)})\}]$ . (24)
$\sqrt{2I(t)}=|A(t)|=\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{s}\mathrm{t}$ . . ,
\mbox{\boldmath $\zeta$}\mbox{\boldmath $\zeta$} \sim ’ ([GNOIJPSJ]). (24)
, ([GNOIJPSJ]).
3.2
(13) , $\cos\theta=\cos 3$ \mbox{\boldmath $\theta$}
. $\theta$ $\theta=\frac{\pi}{2}+\epsilon\theta^{(1)}+\epsilon^{2}\theta^{(2)}+\cdots$ , . (13)
.
$L_{\pi/2}x^{n}=\epsilon(2J(x^{n})^{3}-2\theta^{(1)}x^{n})-2\epsilon^{2}\theta^{(2)_{X}n}$, $(25)$
$L_{\pi/2}x^{n}\equiv x^{n+1}+x^{n-1}$ . .
$L_{\pi/2}x^{(0)n}$ $=$ 0,
$L_{\pi/2}x^{(1)n}$ $=$ $2J(x^{(0)n})^{3}-2\theta^{(1)}x_{:}^{(0)n}$

















$A=A^{n}+\epsilon in\{J$ ($(A^{*n})3+3|$A$n|^{2}$A$n$) $-\theta$ (1)An $\}$ .
.
$A_{1}^{n+1}$ $=$ $A_{1}^{n}+\epsilon(4J(A_{2}^{n})^{3}-\theta^{(1)}A_{2}^{n})+\epsilon^{2}\{-24J2(A_{1}^{n})^{3}(A_{2}^{n})^{2}$
$+2J\theta$ (1) $((A_{1}^{n})^{3}+3A_{1}^{n}(A_{2}^{n})^{2})- \frac{\theta^{(1)2}}{2}A_{1}^{n}-\theta^{(2)}A_{2}^{n}\}$ , (26)
$A_{2}^{n+1}$ $=$ $A_{2}^{n}+\epsilon(-4J(A_{1}^{n})^{3}+\theta^{(1)}A_{1}^{n})+\epsilon^{2}\{-24J2(A_{1}^{n})^{2}(A_{2}^{n})^{3}$
$+2J\theta$
0) $((A_{1}^{n})^{3}+3(A_{1}^{n})^{2}A_{2}^{n})- \frac{\theta^{(1)2}}{2}A_{2}^{n}-\theta^{(2)}A_{1}^{n}\}$ . (27)
$A_{1}^{n},$ $A_{2}^{n}(A^{n}=A_{1}^{n}+iA_{2}^{n})$ , $\epsilonarrow 0$
$H^{(1)}$ .
$\ovalbox{\tt\small REJECT}$ $=$
$4JA_{2}^{3}- \theta^{(1)}A_{2}=\frac{\partial H^{(1)}}{\partial A_{2}}$ ,
$\frac{dA_{2}}{dt}$ $=$
$-4JA_{1}^{3}+ \theta^{(1)}A_{1}=-\frac{\partial H^{(1)}}{\partial A_{1}}$ ,
$H^{(1)}(A_{1}, A_{2})$ $=$ $(JA_{1}^{4}-\theta^{(1)}A_{1}^{2}/2)+(JA_{2}^{4}-\theta^{(1)}A_{2}^{2}/2)$.
,
$A(t)+ \epsilon \mathcal{L}_{H}A(t)+\frac{\epsilon^{2}\mathcal{L}_{H}^{2}}{2!}A$(t)
$=A(t)+ \epsilon\{A(t), H^{(1)}\}+\epsilon^{2}(\{A(t), H^{(2)}\}+\frac{1}{2!}\{\{A(t), H^{(1)}\}, H^{(1)}\})$ ,
, $H^{(2)}$ (26)-(27) ,
.
$H=H^{(1)}+ \epsilon H^{(2)}=J(A_{1}^{4}+A_{2}^{4})-\frac{\theta^{(1)}+\epsilon\theta^{(2)}}{2}(A_{1}^{2}+A_{2}^{2})$ .
111
, 1
, , . ,
“ ”
([YOs93]). , $H$ ,
$H=H_{1}+H_{2}=(JA_{1}^{4}- \frac{\theta^{(1)}\prime}{2}A_{1}^{2})+(JA_{2}^{4}-\frac{\theta’(1)}{2}A_{2}^{2})$ , $\theta^{(1)}\equiv\theta^{(1)}+\epsilon\theta^{(2)}’$ .
,
$\mathrm{e}^{\epsilon D_{H}}=\exp(\epsilon\frac{D_{H_{1}}}{2})\exp(\epsilon D_{H_{2}})\exp(\epsilon\frac{D_{H_{1}}}{2})+\mathcal{O}(\epsilon^{3})$ .
. . $\tau\in R$
, $H_{1}$ .
$\mathrm{e}^{\tau D_{H_{1}}}$ : $A_{1}(t+\tau)=A_{1}(t)$ , $A_{2}(t+\tau)=A_{2}(t)+(-4JA_{1}^{3}(t)+\theta^{(1)}’ A_{1}(t))\tau$ .
$H_{2}$ ,
$\mathrm{e}^{\tau}$




$A_{1}^{n+1}$ $=$ $A_{1}^{n}+ \epsilon[4J\{A_{2}^{n}+\frac{\epsilon}{2}(-4JA_{1}^{n3}+\theta’(1)A_{1}^{n})\}^{3}$
$- \theta^{(1)\{(1)}\prime A_{2}^{n}+\frac{\epsilon}{2}(-4JA_{1}^{n3}+\theta^{l}A_{1}^{n})\}]$ , (28)
$A_{2}^{n+1}$ $=$ $A_{2}^{n}+ \frac{\epsilon}{2}(-4JA_{1}^{n3}+\theta^{(1)}A_{1}^{n})$
’
$+ \frac{\epsilon}{2}$ $(-4JA_{1}^{n+13}+\theta’(1)$A$n+11).$ (29)
$\epsilon$ .
3.3
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1: Phase portraits of the 2-dimensional symplectic map model when any big resonant
islands does not appear, with the parameters are $\epsilon=0.01,$ $a$ =1.0, $J=1.0$:(a)the
original map [Eq. (13)], (b) the Liouville operator approach to the RG method [Eq.(24)
up to $\mathcal{O}(\epsilon),$ $x$ , $y$ are reconstructed.].
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2: Phase portraits of the 2-dimensional symplectic map model when aresonant island
appears, with the parameters are $\epsilon=0.01,$ $J$ =1.0, and $\theta^{(1)}=1.0$:(a)the original map
[Eq. (25)], (b) the Liouville operator approach to the $\mathrm{R}\mathrm{G}$ method [Eq. (28)-(29) $\mathrm{u}$pto
$\mathcal{O}(\epsilon),$ $x$ , $y$ are reconstructed. ], (c) the exponentiated RG method [Eq.(24) up to $\mathcal{O}(\epsilon)$ ,








$p_{j}^{n+1}-p_{j}^{n}$ $=$ $-ax_{j}^{n}+\epsilon(-\alpha(x_{j}^{n})^{3}+\nu\triangle_{j}^{2}x_{j}^{n)},$ (31)
$\epsilon$ , $a,$ $\alpha,$ $\nu$ $\mathcal{O}(1)$ . $q_{j}^{n},p$7
$n$ , $j$ .
113
$\Sigma_{j}dx_{j}^{n+1}\Lambda dp_{j}n+1-\Sigma j$ $dx_{j}^{n}\Lambda dp_{j}^{n},$ $=0,$ . ,
$\triangle_{\hat{j}}?x_{j}^{n}\equiv x_{j+1}^{n}-2x_{j}^{n}+x_{j-1}^{n}$
$\mathrm{f}5$ .
$x_{j}^{n}=x_{j}^{(0)n}+\epsilon x_{j}^{(1)n}+\cdot$ . ( .
$x_{j}^{n}$ $=$ $\{Aj+i\epsilon n\frac{\mathrm{l}}{2\sin\theta}(\nu\triangle^{2}Aj-j3\alpha|Aj|^{2}Aj)\}\exp(-i\theta n)$
$- \frac{\alpha A_{j}^{3}}{2(\cos 3\theta-\cos\theta)}\exp(-3i\theta)+\mathrm{c}.\mathrm{c}.$ .
$A_{j}\in C$ . $\cos\theta$ (1) . $\cos 3\theta\approx\cos\theta$
. $(\propto n)$
.
$A_{j}^{n} \equiv A_{j}+i\epsilon n\frac{\mathrm{l}}{2\sin\theta}(\nu\triangle_{j}^{2}A_{j}-3\alpha|A_{j}|^{2}A_{j})$ .
$A_{j}^{n+1}=A_{j}^{n}+i \epsilon\frac{\mathrm{l}}{2\sin\theta}(\nu\triangle_{j}^{2}A_{j}^{n}-3\alpha|A_{j}^{n}|^{2}A_{j}^{n})$.
$\epsilon$ .
$\frac{dA_{j}}{dt}=\frac{-i}{2\sin\theta}(\nu\triangle_{j}^{2}A_{\mathrm{j}}-3\alpha|A_{j}|^{2}A_{j})=\frac{\partial H}{\partial A_{j}^{*}}$ , $\frac{dA_{j}^{*}}{dt}=-\frac{\partial H}{\partial A_{j}}$.
$H= \frac{-i}{2\sin\theta}[\nu\sum_{j}|A_{j+1}-A_{j}|^{2}+\frac{3\alpha}{2}\sum_{j}|A_{j}|^{4}]$ ,












2 , $H^{\nu}$ $H^{\alpha}$
.






2 $\cos\theta\approx\cos 3\theta$ .
$\theta=\pi/2+\epsilon\theta^{(1)}$ . (30)-(31)
.
$x_{j}^{n}=Aji^{n}+ \epsilon n\frac{i^{n}}{2i}[\nu\triangle$j $A_{j}-\alpha$ ( $A_{j}^{*3}+3|$Aj $|^{2}$Aj)-2$\theta$(1)Aj$]+$ c. $\mathrm{c}.$ .
$(\propto n)$ .
$A \mathit{7}\equiv A_{j}+\epsilon n\frac{1}{2i}[\nu\triangle_{j}^{2}A_{j}-\alpha$ ( $A_{j}^{*3}+3|$Aj $|^{2}$Aj)-2$\theta$(1)Aj$]$ .
$\epsilonarrow 0$ .
$\frac{dA_{j}}{dt}$ $=$ $\frac{1}{2i}\{l/\triangle_{j}^{2}A_{j}-\alpha(A_{j}^{*3}+3|A_{j}|^{2}A_{j})-2\theta^{(1)}A_{j}\}=\frac{\partial H}{\partial A_{j}^{*}}$.
$H$ $=$ $i \theta^{(1)}\sum_{j}|A_{j}|^{2}+\frac{-1}{2i}\sum_{j}\{\nu|A_{j+1}-A_{j}|^{2}+\frac{3\alpha}{2}.|A]4+7$ $(A_{j}^{4}+A_{j}^{*4})\}$ .
$A_{j}=A_{j1}+iA$j2, ( $A_{j1},$ $A_{j2}$ ) ,
$\frac{dA_{j1}}{dt}$ $=$
$-\theta(1)$A$j2+ \frac{1}{2}\{\nu\triangle_{j}^{2}A_{j2}-4\alpha A_{j2}^{3}\}=\frac{\partial H}{\partial A_{j2}}$








$A_{j1}^{n+1}$ $=$ $A_{j1}^{n}+ \epsilon[-\theta^{(1)}A_{j2}^{n+1}+\frac{1}{2}\{\nu 1_{j}^{2}47_{2}^{+1}-4\alpha(A_{j2}^{n+1})^{3}\}]$
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